A weak convergence theorem for mean nonexpansive mappings by Gallagher, Torrey M.
ar
X
iv
:1
61
1.
09
39
0v
1 
 [m
ath
.FA
]  
28
 N
ov
 20
16
A WEAK CONVERGENCE THEOREM FOR MEAN
NONEXPANSIVE MAPPINGS
TORREY M. GALLAGHER
Abstract. In this paper, we prove first that the iterates of a mean nonex-
pansive map defined on a weakly compact, convex set converge weakly to a
fixed point in the presence of Opial’s property and asymptotic regularity at a
point. Next, we prove the analogous result for closed, convex (not necessarily
bounded) subsets of uniformly convex Opial spaces. These results generalize
the classical theorems for nonexpansive maps of Browder and Petryshyn in
Hilbert space and Opial in reflexive spaces satisfying Opial’s condition.
1. Introduction
Let (X, ‖·‖) be a Banach space. Given C ⊆ X , we say a function T : C → X is
nonexpansive if
‖Tx− Ty‖ ≤ ‖x− y‖
for all x, y ∈ C. It is a well-known application of Banach’s contraction mapping
theorem that every nonexpansive map T : C → C has an approximate fixed point
sequence; that is, a sequence (un)n in C for which ‖Tun − un‖ →n 0. Also, we say
T : C → C is asymptotically regular at x if
lim
n→∞
∥∥T nx− T n+1x∥∥ = 0.
If T is asymptotically regular at every x ∈ C, we simply say T is asymptotically
regular. Note that asymptotic regularity at x implies that (T nx)n is an approximate
fixed point sequence for T . Denote the set of all fixed points of T as F (T ). That
is, F (T ) := {x ∈ C : Tx = x}.
In 1966, Browder and Petryshyn [1, Theorem 4] proved the following theorem for
asymptotically regular nonexpansive mappings on Hilbert space.
Theorem 1.1 (Browder and Petryshyn). Suppose H is a Hilbert space and T :
H → H is nonexpansive and asymptotically regular with F (T ) = {x0}. Then
(T nx)n converges weakly to x0.
In 1967, Opial [6] extended this theorem to spaces satisfying Opial’s property.
Recall that C ⊆ X has the Opial property if, whenever (un)n is a sequence in C
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converging weakly to some u ∈ X , we have
lim inf
n
‖un − u‖ < lim inf
n
‖un − v‖
for any v 6= u. All Hilbert spaces have the Opial property, as do ℓp spaces for all
p ∈ (1,∞). Lp fails to have the Opial property for all p 6= 2, however.
We will further extend Opial’s result to the class of mean nonexpansive maps, first
defined by Goebel and Japo´n Pineda in 2007 [4]. We say T : C → C is mean
nonexpansive (or α-nonexpansive) if, for some multi-index α = (α1, . . . , αn) with
α1, αn > 0, αj ≥ 0 for all j, and α1 + · · ·+ αn = 1, we have
n∑
j=1
αj
∥∥T jx− T jy∥∥ ≤ ‖x− y‖
for all x, y ∈ C. Goebel and Japo´n Pineda further suggested the notion of (α, p)-
nonexpansiveness, wherein T would satisfy
n∑
j=1
αj
∥∥T jx− T jy∥∥p ≤ ‖x− y‖p
for some p ∈ [1,∞). It is easy to check that any (α, p)-nonexpansive map is mean
nonexpansive (i.e. (α, 1)-nonexpansive), but the converse does not necessarily hold
[7].
To prove our theorem, we will need one further notion. We will use “⇀” to denote
weak convergence and “→” to denote strong convergence. We say T : C → X is
demiclosed at y if, whenever xn ⇀ x in C and Txn → y, it follows that Tx = y.
The present author recently proved [2, Theorem 4.2] that if C ⊆ X is closed and
convex and has the Opial property, then any mean nonexpansive map T : C → C is
demiclosed at 0. We will use this demiclosedness principle to extend the theorems
of Browder and Petryshyn and Opial stated above. First, we will present the results
for the simple case of multi-indices of length 2 before proving the full theorem for
multi-indices of arbitrary length.
2. Results for α = (α1, α2)
Let us state the main theorem of this section. The proofs of the following theorem
and lemmas can be found in the next section.
Theorem 2.1. Suppose (X, ‖·‖) is a Banach space and C ⊆ X is weakly compact,
convex, and has the Opial property. Suppose further that T : C → C is (α1, α2)-
nonexpansive and asymptotically regular at some point x ∈ C. Then (T nx)n con-
verges weakly to a fixed point of T .
To ensure that this theorem is a genuine extension of the classical theorems for
nonexpansive maps, we present an example of a ((1
2
, 1
2
), 2)-nonexpansive (hence
mean nonexpansive) map defined on (ℓ2, ‖·‖
2
) for which none of its iterates are
nonexpansive. The map below is based on an example given by Goebel and Sims
[5] and can also be found in [2]; moreover, it is asymptotically regular.
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Example 2.1. Let (ℓ2, ‖·‖
2
) be the Hilbert space of square-summable sequences
endowed with its usual norm. Let τ : [−1, 1]→ [−1, 1] be given by
τ(t) :=


√
2 t+ (
√
2− 1) −1 ≤ t ≤ −
√
2−1√
2
0 − 1+
√
2√
2
≤ t ≤ 1+
√
2√
2√
2 t− (√2− 1)
√
2−1√
2
≤ t ≤ 1
and note the following facts about τ :
(1) τ is Lipschitz with k(τ) =
√
2,
(2) |τ(t)| ≤ |t| for all t ∈ [−1, 1], and
Let Bℓ2 denote the closed unit ball of (ℓ
2, ‖·‖
2
) and for any x ∈ ℓ2, define T by
T (x1, x2, . . .) :=
(
τ(x2),
√
2
3
x3, x4, x5, . . .
)
and
T 2(x1, x2, . . .) =
(
τ
(√
2
3
x3
)
,
√
2
3
x4, x5, . . .
)
Observe that |τ(t)| ≤ |t| implies that T (Bℓ2) ⊆ Bℓ2 , and k(T ) =
√
2 > 1 and
k(T j) = 2√
3
> 1 for all j ≥ 2. Now, for any x, y ∈ Bℓ2 we find
1
2
‖Tx− Ty‖2
2
+
1
2
∥∥T 2x− T 2y∥∥2
2
=
1
2

|τ(x2)− τ(y2)|2 + 2
3
|x3 − y3|2 +
∞∑
j=4
|xj − yj |2


+
1
2

∣∣∣∣∣τ
(√
2
3
x3
)
− τ
(√
2
3
y3
) ∣∣∣∣∣
2
+
2
3
|x4 − y4|2 +
∞∑
j=5
|xj − yj |2


≤ 1
2

2|x2 − y2|2 + 4
3
|x3 − y3|2 + 5
3
|x4 − y4|2 + 2
∞∑
j=5
|xj − yj |2


≤ ‖x− y‖2
2
Hence, T : Bℓ2 → Bℓ2 is a ((12 , 12 ), 2)-nonexpansive map for which each iterate T j
is not nonexpansive.
Before proving the theorem, let’s state some preliminary definitions and results.
For any x ∈ C, let
ωw(x) := {y ∈ C : y is a weak subsequential limit of (T nx)n}
and note that if C is weakly compact, then ωw(x) 6= ∅. Further note that if I − T
is demiclosed at 0 and asymptotically regular at x, then ∅ 6= ωw(x) ⊆ F (T ). We
have the following lemma.
Lemma 2.1. Suppose C is weakly compact and convex with the Opial property,
and suppose that T : C → C is (α1, α2)-nonexpansive and asymptotically regular at
some x ∈ C. Then for all y ∈ ωw(x), limn ‖T nx− y‖ exists.
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Our theorem will be proved if we can show that ωw(x) is a singleton. This follows
from the fact that C is Opial and the knowledge that (‖T nx− y‖)n converges for
all y ∈ ωw(x), as summarized in the following lemma.
Lemma 2.2. If C ⊆ X is Opial, T : C → C is a function, and for some x ∈ C,
limn ‖T nx− y‖ exists for all y ∈ ωw(x), then ωw(x) is empty or consists of a single
point.
3. Proofs
Proof of Lemma 2.1. C closed and convex with the Opial property implies that
I − T is demiclosed at 0. That is, whenever (zn)n is a sequence in C converging
weakly to some z (which is necessarily in C since closed and convex implies weakly
closed) for which ‖(I − T )zn‖ →n 0, it follows that (I − T )z = 0.
By the asymptotic regularity of T at x, we have that (T nx)n is an approximate
fixed point sequence for T .
Since y ∈ ωw(x) and I − T is demiclosed at 0, we have that y is a fixed point of T
and we see that
α1 ‖Tx− y‖+ α2
∥∥T 2x− y∥∥ = α1 ‖Tx− Ty‖+ α2 ∥∥T 2x− T 2y∥∥
≤ ‖x− y‖
Hence, at least one of ‖Tx− y‖ or ∥∥T 2x− y∥∥ must be less than or equal to ‖x− y‖.
Let k1 ∈ {1, 2} be such that
∥∥T k1x− y∥∥ ≤ ‖x− y‖.
Next, we know that
α1
∥∥T k1+1x− y∥∥+ α2 ∥∥T k1+2x− y∥∥ = α1 ∥∥T k1+1x− T k1+1y∥∥+ α2 ∥∥T k1+2x− T k1+2y∥∥
≤ ∥∥T k1x− T k1y∥∥
=
∥∥T k1x− y∥∥
and so one of
∥∥T k1+1x− y∥∥ or ∥∥T k1+2x− y∥∥must be less than or equal to ∥∥T k1x− y∥∥.
As above, let k2 ∈ {k1 + 1, k1 + 2} be such that
∥∥T k2x− y∥∥ ≤ ∥∥T k1x− y∥∥.
Inductively, build a sequence (kn)n which satisfies
(1) kn + 1 ≤ kn+1 ≤ kn + 2, and
(2)
∥∥T kn+1x− y∥∥ ≤ ∥∥T knx− y∥∥
for all n ∈ N. Now (∥∥T knx− y∥∥)n is a non-increasing sequence in R+, and is thus
convergent to some q ∈ R+.
Consider the set M := N \ {kn : n ∈ N}. We have two cases. First, if M is a finite
set, then the claim is proved. Second, if M is infinite, write M = {mn : n ∈ N},
where (mn)n is strictly increasing. Note that, by property (1) of the sequence (kn)n
above, we must have that for all n ∈ N, there exists a jn ∈ N for which
mn = kjn + 1
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Also, (jn)n is strictly increasing. Asymptotic regularity of T at x and the fact that
limn
∥∥T knx− y∥∥ = q gives us that for any ε > 0, there is n large enough such that
(1)
∥∥Tmnx− Tmn−1x∥∥ < ε/2, and
(2)
∣∣ ∥∥T kjnx− y∥∥− q ∣∣ < ε/2.
Thus,
‖Tmnx− y‖ − q ≤ ∥∥Tmnx− Tmn−1x∥∥+ ∥∥Tmn−1x− y∥∥− q
=
∥∥Tmnx− Tmn−1x∥∥+ ∥∥T kjnx− y∥∥− q
<
ε
2
+
ε
2
= ε
Entirely similarly, we have that
‖Tmnx− y‖ − q ≥ − ∥∥Tmnx− Tmn−1x∥∥+ ∥∥Tmn−1x− y∥∥− q
= − ∥∥Tmnx− Tmn−1x∥∥+ ∥∥T kjnx− y∥∥− q
> −ε
2
− ε
2
= −ε
Hence,
∣∣ ‖Tmnx− y‖ − q ∣∣ < ε for n large enough. Since {mn : n ∈ N} ∪ {kn : n ∈
N} = N, we have finally that limn ‖T nx− y‖ exists for any y ∈ ωw(x). 
Remark 3.1. The above argument presented in the proof above actually works
for any y ∈ F (T ), but in particular for y ∈ ωw(x). This will be of use to us in
Theorem 5.2.
Proof of Lemma 2.2. Suppose for a contradiction that z and y are distinct elements
of ωw(x). Then there exist (nk)k and (mk)k for which T
nkx ⇀k z and T
mkx ⇀k y.
Thus, using the fact that C is Opial, we have
lim
n
‖T nx− y‖ = lim
n
‖Tmkx− y‖
< lim
n
‖Tmkx− z‖
= lim
n
‖T nx− z‖
= lim
n
‖T nkx− z‖
< lim
n
‖T nkx− y‖
= lim
n
‖T nx− y‖ ,
which is a contradiction. Thus, ωw(x) is a singleton. 
Proof of Theorem 2.1. As stated above, let ωw(x) := {y ∈ C : y is a weak subsequential limit of (T nx)n}
and note that ωw(x) 6= ∅ since C is weakly compact, as well as that the demiclosed-
ness of I−T at 0 gives us that ωw(x) ⊆ F (T ). By Lemma 2.2, we know that ωw(x)
consists of a single point, say y. Thus, T nx ⇀n y, and the theorem is proved. 
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4. Results for arbitrary α
We have the corresponding theorem for α of arbitrary length.
Theorem 4.1. If C ⊆ X is weakly compact, convex, and has the Opial property,
T : C → C is α-nonexpansive and asymptotically regular at some point x ∈ C, then
T nx converges weakly to a fixed point of T .
The theorem will follow immediately from the analogous lemma concerning conver-
gence of the sequence (‖T nx− y‖)n for any y ∈ ωw(x).
Lemma 4.1. Suppose C is weakly compact and convex with the Opial property,
and suppose that T : C → C is α-nonexpansive and asymptotically regular at some
x ∈ C. Then for all y ∈ ωw(x), limn ‖T nx− y‖ exists.
Proof of the Lemma. Let α = (α1, . . . , αn0). In the same way as above, we build a
sequence (kn)n for which
(1) kn + 1 ≤ kn+1 ≤ kn + n0, and
(2)
∥∥T kn+1x− y∥∥ ≤ ∥∥T knx− y∥∥
Again, as above, let M = N \ {kn : n ∈ N}. If M is finite, we are done. If M is
infinite, then write the elements of M as (mn)n, strictly increasing. Note that for
all n ∈ N, there exist jn ∈ N and in ∈ {1, . . . , n0 − 1} for which
mn = kjn + in
Also, (jn)n is strictly increasing. Now, for any ε > 0, we can find n large enough
so that ∥∥Tmn−j+1x− Tmn−jx∥∥ < ε
n0
for all j = 1, . . . , n0 − 1, and
∣∣∣ ∥∥T kjnx− y∥∥− q ∣∣∣ < ε
n0
, where q = lim
n→∞
∥∥T knx− y∥∥
Thus, for n large, we have
‖Tmnx− y‖ − q ≤ ∥∥Tmnx− Tmn−1x∥∥+ · · ·+ ∥∥Tmn−in+1x− Tmn−inx∥∥+ ∥∥Tmn−inx− y∥∥− q
=
∥∥Tmnx− Tmn−1x∥∥+ · · ·+ ∥∥Tmn−in+1x− Tmn−inx∥∥+ ∥∥T kjnx− y∥∥− q
<
ε
n0
+ · · ·+ ε
n0︸ ︷︷ ︸
in times
+
ε
n0
≤ (n0 − 1) ε
n0
+
ε
n0
= ε
A similar argument proves that
∣∣ ‖Tmnx− y‖ − q ∣∣ < ε for n large, and the lemma
is proved. 
A WEAK CONVERGENCE THEOREM FOR MEAN NONEXPANSIVE MAPPINGS 7
5. Losing boundedness of C
Similar arguments show that, under appropriate circumstances, the assumption of
boundedness of C may be dropped. Before we state the theorem, we need the
notion of a duality mapping, a lemma due to Opial [6, Lemma 3], and a theorem
of Garc´ıa and Piasecki [3, Theorem 4.2].
Definition 5.1. A mapping J : X → X∗ is called a duality mapping of X into X∗
with gauge function µ (that is, µ : [0,∞)→ [0,∞) is strictly increasing, continuous,
and µ(0) = 0) if, for every x ∈ X , (Jx)(x) = ‖Jx‖ ‖x‖ = µ(‖x‖) ‖x‖.
Recall also that a Banach space (X, ‖·‖) is called uniformly convex if for every
ε ∈ (0, 2], there exists a δ ∈ (0, 1) such that{
‖u‖ , ‖v‖ ≤ 1,
‖u− v‖ ≥ ε =⇒
1
2
‖u+ v‖ ≤ 1− δ.
It is easy to see that this is equivalent to a sequential notion of uniform convexity.
That is, X is uniformly convex if and only if for every R > 0 and for any sequences
(un)n and (vn)n in X ,{
‖un‖ , ‖vn‖ ≤ R for all n, and
1
2
‖un + vn‖ → R
=⇒ ‖un − vn‖ → 0.
Now we have a lemma of Opial describing those uniformly convex spaces which
have Opial’s property.
Lemma 5.1 (Opial). If (X, ‖·‖) is uniformly convex and has a weakly continuous
duality mapping, then (X, ‖·‖) is Opial.
Finally, we state a theorem of Garc´ıa and Piasecki regarding the structure of the
set of fixed points for any mean nonexpansive mapping defined in a strictly convex
space.
Theorem 5.1 (Garc´ıa and Piasecki). Suppose C ⊆ X is closed and convex and
(X, ‖·‖) is strictly convex. Then for any mean nonexpansive mapping T : C → C,
F (T ) is closed and convex.
We use the tools above to prove a theorem:
Theorem 5.2. Suppose (X, ‖·‖) is uniformly convex with a weakly sequentially
continuous duality map and C ⊆ X is closed and convex. Assume further that
T : C → C is α-nonexpansive, F (T ) 6= ∅, and T is asymptotically regular at some
x ∈ C. Then (T nx)n converges weakly to some y0 ∈ F (T ).
The proof follows largely from the work done above and the original proof for
nonexpansive mappings due to Opial [6, Theorem 1], and we present it here for
completeness.
Proof. By Opial’s lemma, X is uniformly convex with a weakly continuous duality
map implies that X is Opial. Thus, for every y ∈ F (T ), by the proof of Theorem 2.1
and Remark 3.1, we know that limn ‖T nx− y‖ exists. In particular, this implies
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that {T nx : n ∈ N} is bounded. Let ϕ : F (T ) → [0,∞) be given by ϕ(y) :=
limn ‖T nx− y‖. For any r ∈ [0,∞), consider the set
Fr : = {y ∈ F (T ) : ϕ(y) ≤ r}
= ϕ−1[0, r].
We summarize the relevant facts about Fr.
Claim 5.1. The sets Fr satisfy the following four properties:
(1) Fr is nonempty for r sufficiently large,
(2) Fr is closed, bounded, and convex for all r ≥ 0,
(3) there is a minimal r0 for which Fr0 is nonempty, and
(4) Fr0 is a singleton.
Proof of Claim 5.1. (1) and (2) are easy to verify.
(3) follows from the fact that each Fr is weakly compact (since X is reflexive) and
{Fr : r ≥ 0} forms a nested family. Thus, if each Fr 6= ∅ for r > t for some t ≥ 0,
it follows that
Ft =
⋂
r>t
Fr 6= ∅.
(4) follows from uniform convexity. Suppose u, v ∈ Fr0 with u 6= v, and let z :=
1
2
(u + v). Note that z ∈ Fr0 since Fr0 is convex. Because r0 is minimal for which
Fr0 6= ∅, it follows that ϕ(u) = r0 = ϕ(v). We want to show that ϕ(z) < r0.
Suppose for a contradiction that ϕ(z) = r0. Then
lim
n
1
2
‖(T nx− u) + (T nx− v)‖ = lim
n
‖T nx− z‖ = r0
and uniform convexity implies that
lim
n
‖(T nx− u)− (T nx− v)‖ = ‖u− v‖ = 0,
but ‖u− v‖ > 0. This tells us that ϕ(z) < r0, which contradicts the minimality of
r0. Hence, Fr0 must be a singleton. This completes the proof of the claim. 
Let Fr0 = {y0}. We aim to show that T nx ⇀ y0. For a contradiction, suppose this
is not the case. Since {T nx : n ∈ N} is bounded and X is reflexive, there is some
subsequence (T nkx)k converging weakly to some y 6= y0. By asymptotic regularity
of T and demiclosedness of I − T at 0, we know that ‖(I − T )T nkx‖ → 0 yields
Ty = y. That is, y ∈ F (T ). Thus,
r0 = ϕ(y0) = lim
n
‖T nx− y0‖
= lim
k
‖T nkx− y0‖
> lim
k
‖T nkx− y‖
= lim
n
‖T nx− y‖ = ϕ(y),
which contradicts the minimality of r0. Finally, we have that T
nx ⇀ y0, and the
proof is complete. 
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Remark 5.1. We note here, just as Opial did, that the same result will hold in any
reflexive Opial space where F (T ) is convex and Fr0 is a singleton. For example, to
guarantee that F (T ) is convex for a mean nonexpansive map, we need only assume
strict convexity of X as opposed to uniform convexity.
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